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Abstract 
In this paper we prove that special finite elements of suitable degree do not exhibit any kind of locking phenomenon 
when used for the numerical solution of Reissner-Mindlin plate bending problems. Despite its simple approach the 
discretization of the Reissner-Mindlin model is not straightforward. The inclusion of transverse shear strain effect in 
standard finite element models introduces undesirable numerical effects. The approximate solution is very sensitive to the 
plate thickness and, for small thickness, it is very far from the true solution. The phenomenon is known as locking of the 
numerical solution. The finite element we present is constructed by adding bubble functions to standard Serendipity 
elements. The new elements, referred to as bubble plus elements, from the degree three onwards avoid the numerical 
locking. The mathematical proof of such a good behavior is based on a deep relation between the ~o bubble plus element 
of degree three for Reissner-Mindlin plates and the cgl element for Kirchhoff plates known as Bogner-Fox-Schmit 
element. 
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O. Introduction 
The so-called Reissner-Mindlin plate describes the deformation of a plate subject o a transverse 
loading when transverse shear deformation is taken into account (see, e.g., [3, 8, 101). According to 
the model fibers normal to the undeformed middle surface remain on a straight line which is not 
necessarily normal to the deformed middle surface. The model, in its formulation, involves the 
transverse displacement of the mid-plane and the rotations of fibers normal to the mid-plane. The 
variational setting makes use only of first derivatives. For this reason continuous functions ensure 
a conforming approximation. Despite its simple approach the discretization of the Reis- 
sner-Mindlin model is not straightforward. The inclusion of transverse shear strain effect in 
standard finite element models introduces undesirable numerical effects. The approximate solution 
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is very sensitive to the plate thickness and, for small thickness, it is very far from the true solution. 
The phenomenon is known as locking of the numerical solution. 
The problem of avoiding the shear-locking effects has been treated by numerous authors. We 
recall, among them, Pitkar~inta 1-9] and Rakowski [10]. The first author proposed a way to 
avoiding the shear-locking by adding some additional functions to the standard low-order finite 
elements. The second author originally explained the occurrence of shear-locking effects by 
comparing the differential and finite difference operators in continuous and discrete formula- 
tions. Our approach is similar to 1-9] but we apply our technique to high-order finite elements. 
Standard low-order finite elements are not able to meet a constraint introduced by the model 
and therefore are subject o the locking phenomenon. In previous papers [5-7] we have dealt 
with the Reissner-Mindlin problem combining its plain formulation with the use of hierarchic 
hioh-order finite elements. The locking phenomenon was strongly reduced but still present for 
very thin plates. The hierarchic elements were of Serendipity type (see 1-11]), minimizing the 
internal functions to keep low the total number of degrees of freedom. A natural idea was to 
test modified elements by adding a suitable number of internal degrees of freedom, corresponding 
to bubble functions (i.e., function vanishing along the boundary of the finite element). We 
realized that when rectangular finite elements of degree larger or equal three were used no locking 
was present. We analyzed such a behaviour from a mathematical point of view and we found 
an explanation. In this note we give a mathematical proof of such a good behaviour, based 
on a link between the ~o bubble plus element of degree three and the cgl Bogner-Fox-Schmit 
element for Kirchoff plates. The outline of the paper is the following. In Section 1 we briefly 
recall the Reissner-Mindlin model for plate problems. In Section 2 we briefly describe the 
finite elements approximation and the features of the hierarchic finite elements. In Section 3 we 
deal with the discrete problem and we prove our main result. Finally, some numerical results are 
shown. 
1. The Reissner-Mindlin model for plate bending problems 
Hereafter we shortly recall the model proposed by Reissner and Mindlin for the bending of plates 
(details can be found, e.g., in I-3, 8]). We consider the Reissner-Mindlin assumptions for the plate 
bending problem. This plate theory takes into account he transverse shear deformations. The 
theory uses the hypothesis that particles of the plate originally on a line that is normal to the 
undeformed middle surface remain on a straight line during deformation, but this line is not 
necessarily normal to the deformed middle surface. The so-called in plane displacements u, v and 
the normal displacement w have the form u(x,y,z)=zcpx(x,y), v(x,y,z)=z(ay(x,y), 
w(x, y, z) = w(x, y). The functions ~bx and ~b r are the rotations of the normal to the undeformed 
middle surface in the x-z and y-z planes, respectively. Taking into account he contribution of the 
external loadf(x, y), after scaling, normalizing some physical constant and setting 4~ = (~bx, ~by) the 
problem can be stated as 
Find (4h w)e ~x W: min [½~(¢,~)  + ½t-2 [I Vw-~l J -  (f, w)], (1.1) 
(4h w)e$ x W 
T. ScapoUa/Journal ofComputational and Applied Mathematics 63 (1995) 291-299 293 
where t is the plate thickness and a¢(4,, ~) is the form 
a¢(4,, ~k)- 12(1E v2 ) fo {4,x/xqJx#, + 4,y/y~Oy/y + v(4,x/x~ky/r + ~by/y~kx/x) 
1- -v  
+ ~ (q~x/y + dpy/x)(~bx/r + ~by/x)} dxdy. (1.2) 
We consider, for the sake of simplicity, the case of a clamped plate. In this case we have • = (H°) 2 
and W = Hi. Itis easy to show that the form s¢(4,, ~) is elliptic in the Sobolev space 4, i.e., there 
exist a constant C such that a¢(4,, 4,) >1 C II 4, II1. Setting 
Yl = ½,if(4,, 4,) - ( f  w), (1.3) 
J2  = ½ II Vw - 4, II, (1.4) 
J = J l  + t-2J2, (1.5) 
we are looking for 
min J = min [ J l  + t-2J2]- (1.6) 
(~,w)~C~x W (~,w)E~ x W 
2. The finite element approximation 
In [5] we have introduced a family of hierarchic finite elements to overcome the locking of the 
numerical approximation ofthe Reissner-Mindlin plate. While the common feature of most finite 
elements proposed by several authors is the low order together with a modified formulation, we 
have combined the plain formulation with the use of high-order finite elements. Although our 
numerical results indicate that high-order elements are able to absorb the locking phenomenon for 
all thickness of practical interest locking was still present. We modified the standard hierarchic 
Serendipity elements adding internal functions (here and in the following we refer to the classifica- 
tion suggested by Babu]ka [1] for the shape functions). Internal functions are frequently named 
bubble functions, ince they vanish along the whole boundary of the finite element and are different 
from zero only in the interior of the element. 
Let ~p denote the space of polynomial of degree up to p in each of the two variables. Let 6ep be 
the polynomial spaces of the Serendipity hierarchic shape functions of degree p. Let ~ be the 
standard complete space of polynomials of degree p in each of the two variables. Let ~p be the 
intermediate space, obtained by 5ep adding only a limited number of bubble functions. Due to the 
construction ofthe approximation spaces, for a given degree p, the following relation hold between 
the finite dimensional spaces: 
~p ~ ~e c ~ = .~ (2.1) 
and therefore 
dim ~p ~< dim Sep ~< dim ~p ~< dim .~. (2.2) 
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Table 1 
Total number of shape and bubble functions for the spaces ,Sep, ~ ,  
p Shape functions Bubble functions 
1 4 4 4 0 0 0 
2 8 9 9 0 1 1 
3 12 15 16 0 3 4 
4 17 22 25 1 6 9 
In Table 1 the dimensions of the spaces are given for some values of the degree p. Moreover, the 
number of internal functions is reported. 
For a general value of p the dimension of each space is 
dim 6ep = 4p + ½(p - 2)(p - 3), (2.3) 
dim ~p = ½p(p + 7) = 4p + ½p(p - 1), (2.4) 
dim .~, = (p + 1) 2 = 4p + (p - 1) 2. (2.5) 
The bubble plus finite elements are locally defined with a space of type ~p. 
3. The discrete problem 
The discrete problem can be stated as follows: 
Find (~h, Wh) ~- ~h X Wh: min E½~(~h, 4'h) + ½t-2 II VWh -- 4~h II -- (f, wh)-l. (3.1) 
In an equivalent form we can write the problem as 
min J l -  (3.2) 
J2(¢,., wh) = 0 
The locking phenomenon, i.e., the degeneration of the numerical solution, is due to the fact that the 
discrete space 
~h = {(#h, Wh) e ~h X Wh: dph = VWh} (3.3) 
reduces to the null function. Equivalently, we have locking when 
II 4~h - Vwh II = 0 ~ ~h = ~TWh = O. (3.4) 
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When the space o~h is "enough rich" then locking can be avoided and error estimates of the 
following type can be proved: 
min [ II 4~ - 4~h II X + II W --  Wh It 1] = (~(h ~) (3.5) 
(4~h. wh)eof h 
for some positive constant a. 
Let us denote by Zh the space corresponding to the finite element introduced by Bogner, Fox and 
Schmit (see, e.g., [41). Such a finite element is of class c~1. When the space Wh is such that 
Wh = Zh (3.6) 
then, given a sufficiently smooth function w, we can take its interpolated w~ • Zh, i.e., w ~ • ~fx. Due 
to the ~1 continuity the function Vw I is of class ~o. Having satisfied the inclusion 
4~h ~ VZh, 
we can take 4~ I = 
type 
min [ l14~-4~hl lx + I Iw-wh l l l ]  
(cb~, wh)~X-. 
~< [114~ --  4~g111 + II w --  w i l l1 ]  
= Ell Vw - ITw l l l l  + IIw - w i l l1 ]  
<~ tl w - w I II 2, (3.8) 
which, by standard interpolation estimates, satisfies 
II w - w 1112 = (~(h2). (3.9) 
When the spaces Wh and 4~h satisfy the inclusions (3.6), (3.7) then the following estimate holds: 
min [ II 4' - 4~h II1 + II W --  Wh II 1] = (9(h2). (3.10) 
Such an estimate is not optimal but nevertheless guarantees a stable numerical behaviour. This is 
the case of the bubble plus element of degree 3 (see Table 1) since the following relations hold: 
Wh = Zh, (3.11) 
~h = Wh. (3.12) 
Let us now make a more general analysis which includes the previous one as a special case. We 
show that the following statement holds. Let 7 = t -2(Vw - ~), ~h = t-2(VWh -- ~h). 
Theorem 1. I f  there exists a space Zh such that Zh c Wh, VZh c 4~h and ~k c Zh then we have the 
estimate 
I[ 4, - 4~n II ~ + t 2 I[ r - rh II g = (9( h2(k- 1)). (3.13) 
(3.7) 
Vw I and have the pair (w x, 4~ ) • J~h. Hence we come to consider an estimate of 
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Proof.  In order to prove the theorem we write the cont inuous  problem in the fol lowing way: 
F ind  (4,, w) ~ q~ x W such that  
~¢(4 , , r / )+)~t -2(Vw-4 , ,  Vv-~l )=( f ,v  ) V l l~  , VvE  W . (3.14) 
The discrete prob lem can be given the fol lowing form: 
F ind  (4,h, Wh) e ¢h × Wh such that  
~(4,h ,  tlh) + 2t -2 (VWh -- 4,h, VVh -- tlh) = ( f  Vh) Vqh e ¢)h, VVh ~ Wh • (3.15) 
For  the sake of simplicity let us take 2 = 1. Setting 
= t -2 (Vw - 4,) (3.16) 
)'h = t -2 (VWh -- 4,h) (3.17) 
cont inuous  and discrete prob lems can be wri t ten as follows: 
d (4 , ,  t/) + (7, Vv - t/) = (f, v) Vq ~ tb, Vv ~ W, (3.18) 
d(4 ,h ,  qh) + (Th, VVh -- qh) = ( f  Vh) Vqh e ~h, VVh e Wh. (3.19) 
F rom (3.18), (3.19) we get 
(~ -- ~'h, VVh) = 0 V Vh ~ Wh, (3.20) 
~(4,  - -  4,h, qh) = (]/ - -  ]/h, qh) V~/h E ~h" (3.21) 
Due to the ell ipticity of the form ~'  we have 
C H 4, - 4,h t[ 2 + t2 [t ]~ --  ]~h [[ 2 ~ ~(4 ,  _ 4,h, 4, --  4,h) + t2(] ' - -  ~h, ]1 - -  I/h)" (3.22) 
Let us denote by w ~ e Wn the interpolant  funct ion of w e W. Let us choose an interpolant  funct ion 
)'~ ~ ~h. Then we take 
4,1 = Vw I _ tE)d (3.23) 
We can write 
~¢(4 ,  - 4,h,  4, - 4,h)  + t2 (~ - ~h, ~ - ~h) 
= d(4 ,  - 4,~, 4, - 4,~) + ~(4 ,  - 4,~, 4 , '  - 4,h)  
+ t2(~ ' - ~'h, ~' -- ~I) + t2(7 _ ~'h, ~,t _ ~h). (3.24) 
Let us consider the second and forth term of the last expression. We have 
d(4 ,  - 4,h, 4,~ - 4,h) + t2(~ - ~h, ~,~ - ~h) 
= (~' - ~'h, 4,1 _ 4,h) + t2(~ ' -- 7h, 7 t -- 7h) (using (3.21)) 
= (7 -- ~h, Vw'  -- t2~ ' -- Vwn) + (~ -- ~h, Vwh -- 4,h) + t2(~ -- 7h, )" -- 7h) 
= (7 -- 7h, V w~ -- VWh) -- t2(7 -- 7h, ~'~) + t2(~ ' -- 7h, ~h) + t2(~ ' -- ~'h, ~,t _ ~'h) (using (3.17)) 
= t2(~ ' -- 7~, -- 7 ~ + ~'h + ~'~ -- ~'h) = 0 (using (3.20)). (3.25) 
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Therefore, from (3.24), using (3.25) we have 
~(4 '  - 4'h, 4, - 4" )  + t2(~ , - rh, r - r l )  
~< II 4' - 4'h I11 II 4' - 4' i  II1 + t z II ~ - ~'h II o II ~' - ~,i II o 
2 ~< II 4' -- 4'I II 2 + t 2 II r - r I II o 
<< h2~k - 1) + t2h2k. 
Combining (3.22), (3.24)-(3.26) we get the estimate 
C II 4' - 4'h II ~ + t2 II r - rh II 0 2 ~< h 2tk- 1) + t2h2k. 
The estimate (3.27) is equivalent to (3.13) and therefore the theorem is proved. [ ]  
Moreover, using (3.16), (3.17) and (3.27) we get the following inequality: 
Lb Vw - 17wh II 20 = II 4' + t2~ - 4'h - t2rh  II 2 
2 ~< 2114' - 4'n II g + 2t4 l ly  - ynl lo 




4. Numerical results 
We consider a unit square plate with uniform decomposit ion i quadrilateral elements. Due to 
the symmetry of the domain the computations have been performed on a quarter of plate only. 
Different boundary conditions have been imposed: clamped and simply supported. The result we 
show are related to the clamped plate problem. The clamped plate is the more effective test to check 
the robustness of finite elements respect o the locking effect. The reason is due to the fact that 
a clamped boundary is more prone to locking than a simply supported boundary. For a clamped 
plate we impose the following condition on the boundary 0f2 of the plate 
w(x, y) = 4'x(x, y) = 4'r(x, y) = 0 on dO. (4.1) 
Several tests with different values of thickness have been performed to analyse reliability and 
robustness of finite elements. For each test, among others, displacement a the center C of the plate 
and the discrete strain energy have been computed. Let wex(C) denote the exact displacement a the 
center of the plate (see [13]) and Wh(C) the finite element solution. The relative displacement error 
is defined as 
wox(C) - wh(C) 
~% = x 100. (4.2) 
Wox(C) 
The exact strain energy was not available. Out of the discrete strain energy an extrapolation has 
been made in order to get an accurate value of the energy. Let E~x denote such a energy, let Eh be 
the discrete nergy. The relative energy norm II e LI of the error e = W~x - Wh can be expressed in the 
following way (see e.g. [2]): 
Ile II = E~ - Eh x 100. (4.3) 
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F ig .  1. Relative displacement error vs. d.o.f, and energy norm error vs. mesh size. Serendipity elements: dashed line; 
bubble plus elements: continuous line. 
Pointwise evaluation of the displacement error is, of course, a local error indicator whereas the 
energy norm error is a global indicator. We consider a very thin plate with (ratio between length 
and) thickness 0.00001. We are aware that such a value is very small but numerical methods that 
show good performances for such a value guarantee the absence of locking also for practical values 
of thickness. Fig. 1 gives the displacement error ~ versus the number of degrees of freedom and the 
energy norm error II e II versus the reciprocal of the mesh size parameter. In each figure the dashed 
line refers to the Serendipity elements, the continuous line to the bubble plus elements. 
The numerical results show that the performance of the complete elements is substantially 
improved with respect to the Serendipity elements and that no locking appears. The cost of the 
increase of the number of degrees of freedom is negligible compared with the improvement of the 
results. 
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